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11 illp = 1 m1")"
p = 2 => enclidean distance.

p = 1 =) marhatten histance



X *Y

1- norm
.

2-norm

Use 1-norm = > LaSSO.

& (i) = ( . D(E2)) - Y:) + x11 11
,

· No closed form solution
.

- subgradient Descens ?

· Sparse solution - > feature importance·

& H
why ?

-

- - -
S

& ,
=- ↑

&
· ~ -
-

S &
-,

, -

↑--
&

:
" ⑧

& -
-

- ...
- - -

& -
-

-

General regularization :

& (v) = k(i) + P(z) .

Regularized linear model :

Loss Regularization Name

square 2- norm ridge regression.

square 1- norm Lasso

square ↓ norm + 2-norm elastic net

hinge 2- norm Soft-SUM



Other regularization method : "EarlyStopping" . DNN.

High-Dimensional Feature Maps
-

linear prediction rule -> straight linear line

1 limitation ! I

↓
Basis functions& (E2)

↓

maps data to a new space that is

&

#% linearly separable.↓ ~

' O

op eW
~

-
o

=> U
O

O

19
② ~

0 = 1

' ·
v => train

H (ii) = wo + w
, 0, (i)+ --

-

Data space feature space

d -> kk

(i)-
Decision boundary no longer a straight line .

Problem : How
to choose ?

Design a general feature map function that makes any data set

I
linearly-separable·

~

idea : very high-dimensional generic feature map.
-

Leach additional feature makes the data easier to classify).

ea) Monomial : P() = (1
,

X1
,

Xe
,

X
, X

,

X
,

2

,

Xc2)



(1
,

Xi
, XiXj ,

Xi
2

. )
T

So
,
ER"

,

then (*) ER'
+2d + (E)

(1
,

Xi
, XiX] ,

Yic
,
XiXiX

,

Xis)

or G(x)t(2
+ 34 + (E) + (b)

"

problem : computationally costle for fitting a linear prediction rule.

ternalTrick

idea : we can train many linear predictors as if we have mapped data
-

to feature space ,
without actually doing so.

ke X,Y 1) = ( * ) · ( * 1)
X computational costly

↑
there is such function that does not require mapping to feature

-

↓
Kernal Function
-

en)i( *) = (1 ,
X

,

2

,
Xz2

,
EX1

,
Exa

,
12 x , 42)T

k(*,*) = 11 + 3 * is a kernal for this o

polynomial kernel ↓
k(*

,
() = ( 1 + Y.*,/ is kernal for

k-order monomial mappings.

Idea : replacing all instances of ( *)
. ( *) with

k( *, Y')
kernalize the algorithm

avoidexplicity mapping to feature space. (kernal trick)



Only certain feature map have efficiently-computed kernals.

only certain learning algorithms can be kernalized.

nelRidge Regression & Kernal SVM
-

ridge regression :

argmint((i)) . - ;) + X11 w 11
i

↑
~

argmin 110-1112 + X iT in

i

↑
kernalize

,
replace all instances of FC) . #( *1) with k( *,*1)

↓
rewrite in form :

Fact: The solution * is a linear combination of (11) :

-

*

Why ?

E (* 1) .
- Yi)*( * :1) + 2xi

, gradient of regularized risk

↓

Setting to zero
, solving for i *

=*= - x(xi)) .

i *
- yi)( :

)

-

I
a ;

W



** = P
,

where = (a ,
· . . an)

T

So
,

the problem :

argmin ↑ 11 di - i /12 + Xi=

# ↳

this can be kernalized.

~milldpT- (1+ x+qdt

-

new optimization solution :

T

inside of
,

we have (T)i;=
= (xi)) . (x*)

-4= S = k(" ,**)
.

And so
,

(i
, j) entry of 40 is ( **) . ( **3) = k(* ** ) .

Pat = (k
-(

,
(4) ....

: "
E*,Pa) matrix

So
,

we have arguintllk-ll + XTk

W

E(k + 1x 1) 3)
TheImmonalridge regression.

Making a prediction on new point :

H(x) =i* (x) = a: (3") .( Y)

I=>:k (i) ,+]weightedSan
i

-



↑al Soft-SUM

argmin (xTK+max-(k)

make new prediction :

H(x)=: k(,
↑

the set of supportvector
.

Downside :

nxn kernal matrix can be
very large.

Kernal Function
-

valid kernal :
must complete the dot produce w.

r
.
t . some mapping ,

().

↓

k(*
,
y)) = ( * ) .(

New Kernal constructed from other kernal functions .

· k( *,Y) = k
, + k2

· k( *, * 1) = K
,

X K2

· k( *, *1) = k(( *), ( * 1)
· k(*,*) = f(x)k , f(*)

Theorem :

A symmetric function k is a valid kernal

#

the kernal matrix
,
K

,

is positive semi-definite for any choice of data

* ... 2)

#kernal Gaussian kernal



- II * -* P * distance between and

k( *,*) = 2265

=
e-YII
* - * 11

,

where y = 1/(262)

Interpretation : KBF kernal measures similarity of and *

very similar : k(*,* ) El
parameter 6 (or 4) controls the scale

very different : k( *,*) = 0.
- ------------- ↓
eu)

H(u) = ik, ) .
larger 6 (smallery

L wider the Guassian
.1

Ix)
*

- ↓ I

sum of bumps

*, * ERL I

* = (X , Xc)

/
R13 F Kernal

Prediction : H() = aik(, * ).

· One parameter 9 : learned for each training point "
-

· k(* ",* ) No for any
"
far from .

· H(*) is largely determined by the training points cloese to .
-

↓
associated weight Since k( **, Y(

determine the distance

Understanding :

RBF function placed at each training point => sum of bumps

↓
Hz) largely determined by training point cloest

to . as a surface

↓ 1

M-a generalization of KNN rule
- --

↑
i

to 3d.
K BF Kernal Map
-



-

8

The
mapping (*) with entries of the form :

1" -> K

- 1112/X:,
*112

Xixi,
Y112

e XiXjXk
,

...

mapping to an -minitedimensional Hibert space

Hyperparameter : X -> Kernal width. underficting -1
- > Sid X ↑↑ -

XI -> more wider: guassion overlapping
y 1 -) more narrower =f guassian separating

- STDN - ↓

overfitting 111
~robabilistic Modeling

en) Given a new flower with X = c petals , predict its species
,

Y

.

↑
random variable

Assumption : When nature generates a new flower , it picks X & Y

from some probability distribution.

· Joint distribution
,
Y = Y) gives us full infor

Y = 0 Y = /

X = 0 0 % S => Entries of the joint distribution table sum to 100%

" 5 %
I

" 10 % " -- # (x = x
, Y = y) = 1 -

" "
X = 6

0 %

· Marginal distribution for X is found by summing over values of Y

↓

1P (X = n) = Eo(X
= u, = Y

0

# (Y = y) = [ ((X = x
,

Y = y)
Ce 20, ...,65



· Conditional Probability :

# (Y = y (x = x) = ((X = x
,

Y =Y)
or 1 (X =x)Y =y)

#(X = x)

Y = 0 Y = / # (Y = y(X = 1)
u

y = 0 0/0 0 %
- Y = 0 100 %

X = 1 5 % o %
Y = 1 0 %

S

"

X = 4 3 % 20% -
H (Y = Y (x = 4)

i
-

Y = 0

I
20%

Y = 180 % E
20 %

25 %

↓

aye's Theorem

((y =y(x = u) =

H(X = x)Y = j)((Y = 3)
# (x = 4)

W

maye'sDecision Theorem

Predict the most likely label y given X = a

i. e . Predict the y that maximizes 1P(Y = Y/X = 2)

In Binary Probabilitistic Classification :

· Prodice , it x = x) > 1(Y = 0(X = n) ; otherwise predict 0

↑
Bayes Classification rule

· alternative form :

Predict 1it= u(Y = 1) ((Y = 1) < ((X =x(Y = 0)#)Y = 0)
.

otherwise predict 0.



CominousDistribution

pdf : p : R -> 12t

HP(a < X(b) = jPx() dr
How likely it is to get a value of X in any interval [a

,
b1.

# (X = n) = 0. =) prob of continuous r .
W

. being exactly a certain value is

Zero
.

· 1 (7.
5(X <10) =% Px(XS aa

·Conditional density p(x(Y = 3)
,

conditional on Y
-

Y=0 Y = /

M M= > -
·auditionalon X :

↓

conditional histribution of " given X :

Discrete
, blu Y is discrete

-

/ Y =

X = 4)v1 (Y=Y/

R
Y = 1

Y

X =x



·mDistribution
I

-p(x , 0) = p(u(Y =0)(P(Y = 0)

1&

P(x , 1) = p(u(y= 1) P(Y = 1)
I

-

!

Decision Boundary

predict class 1 if plulY = 1) / (Y =1)

↑ (u)Y = 0)1/Y =0)
.

·

Mult-Navite Distributive
-

-

random rector X

E
pat : Px( * ) : R -> RT

ErrorBayes

· Predict O true 1 Q
3

predict I
,

true ⑧ ②

#(error) = (Case Q) + 1 (Case O) .

Case O : 1) (caseP) = 1P(Y is actually I
, predict of

= IP(Y is actually 1) . I predict 01 Y is actually "

Case@ IP(cuse@) =#LY is actually 0
,

Predict 1)

=LY is actually 0) . ID (predict 11 Y is actually 0.

· Bayes classifier has the smallestpossible error probability of any classifier.

↓
the error is called Bayes error

most casesIn
-

& themmmmumpossible error probability is 30.



Bayes Error if 1 (Y = 0) = # (Y = 1) = 0
.

3
.

Y= 0 Y= 1
~ Po = (4 /Y = of#- ~ P

, (x (Y = 1)
/,& &1/ &I /·mi,

Decision
# (Y actually 1) predict 0lY = 1)

Boundary 0
.

5. 0
. 3

↓..... area ofP ,
under Y=

1P)Y actually 0 ice 11 Y = 0)

0
.

3 · 0
. 3

↓
area ofPo under Y=

Bayes classifier !
is optimal

I
V

problem it requires knowing the join distribution
.

H

Estimate : do not
know joint distribution.

-

we know the data.
X Y

/ is 0
estimate : 1(X = x

,
Y = y) =

(X = x & Y = x) -- 3 0 (
1 - L

Cjoint Prob T 11

estimate ·

IP(Y = y) =
* (Y= y)
-

marginal

estimate
: HP (X = a(Y = y) =

# (x = x & Y = y)
conditional # (Y = y)

1) (Y= > (x = u) =
# (X = x & Y= 3)

# (X =x)

Law of large number : as data size n->&
,

these estimated prob,

converges to their true values



Using estimated prob for Bayes classifier : (no longer optimal

estimate 1 (Y = 0 (X = x)

# (Y = 1 ( X = g)
(- >

compare and predict based on

Bayes decision rule.

Multivariate estimate
:

# (Y =y (x = x
,

X = ac ... x =an)

# (x = x, . . . (Y =9)

stogramDensity Estimators

estimate density for continuous distribution
.

problem : most values never seen in data

↓
Histogram estimator

· Suppose X ,
... Xn came from density f. his erg ram

integrals to

· Divide demain into k bins : [ai
,
bi).

within each bit,
↓

often equal-sized.

nx(bi - ai)
tf(u) within bin in

#hata points &(ai, bi)

men I I

bin width n lam m I m o

As we get more data bin wideh data
poines

· decease bin width

↳ ↓
increase number of birs

pati-
pdf "

As n and #bins -> 8, - E
-

-

-

estimator approaches true density ↓ ↓

by law of large number. yet smooth

estimate p(x(Y =Y)

Conditional probability : restrict data whe Y = 1/0 and use histogram estimation

I



↓
by law of large number

, approaches truedensity

- Y = 1

1 - Y = 0

-

estimate 1(Y = Y/X = a)
,

discrete prob
,

conditioned on continuous variable

↓

↓ problem : I
may not be seen in data

Two Approaches :

① Count #(Y = 1) and # (Y = 0) within bin containing 22.

· find bin containinga

estimate

H(Y = y (X =n)
= Y withinbin)

# (points with bin)

XY
S&- /I/7I within - I

S

=> count Y =Y
,
divide by # pointsS& bin

&17 S / =a, b) ( !
Baye's rule !(

I

· 457 "
I

predict Y = Y that occurs most
S

(
& within the bin

.

② Compute from Baye's rule

· estimate p(u)Y = y) ((Y = y) Px(u)

use baye's rule 1 (Y= y (x = a) =

P(ulY= 3) (Y= 3)

Px(u)

# (Y = Y) - > Count

P(a)Y = 3) -> restrict data
, histogram estine

17
↑ (u(y = 1)

Px(n) -> histogram estimate 17
|x(m)



Both appraches the same if we use the same bins

Like KNN
,

# of bins might result over- or under-fieting.

M
...

Mill,
-e

I

under fitting over fitting

-cultivariateHistogram Density Estimators

estimate p(x)

divide R& into rectangular bins with regularside - length

e,.
"

,

Id

Estimate

f(u) within bin datapoints it
x

data
points

I
I & & /

- - -
- - as n

-> 2

·
-

pdf bin
-

-

j
-

J
↑

· -- = 1"
I

↓

-

A
bins

...I -
i

curse of dimensionality
-

↓

NOT accurate bla fewer points in each bins as we Ginde each
-

dimension lity
while

estimating
I I 1

- -
-· --

1111111 I / I Mr1/
=> &

&

S

6 points in each bin

one data point in each bin.



americDensity Estimation

Histogram needs massive data in high dimensionn.

↓

has no shape of true hersity/ very flexible but yet
"data hungry"

↓
idea : assume true density follows some distributionn.

ens Gaussians ! CTL : sums of indep random variable
I

P(n ; M
.
6) = Get the are Gaussian

.

W "
↓

parameters

↓ ↓
M : center 6 : width

Parametric Distributions determined by finite number of parameters.
-

en)
p(a ; M

,
6) =

I

2 T exp((InnM) - lognormaln6

produce of indep positive radom number

· en) length of comments

I

p(a ; k
,
f) = T(k)fkx*

+ =4 - Gamma

· (h) wait time
----

p(h ; um
, a) =

aumd
- Pareto

29+ 1

· eas distribution of wealth
.

Idea : Assume data comes from some parametric density

↑
use data to estimate parameter

Maximum~elihood Estimation

UseGata to Estimate parameter
-> estimating the

parameter-



-not likely decia -> distribution
.

-more likely
pluil ; 6

,

m)M ------&n ; --
I

W

Lee p
be Gaussian prob . density function.

p(xi) ; M ,
6) quantifies owlikely it is to see will if parameter

12 and 6 used-
↓

pCui ; M, 6) quantifies the likelihood of seeing cl ...a
(n)

· joint density of data

of M and 6
,

with respect to data all..... '"

↓·..) = (i , m
, 0-

-

Find argmax e(M
,

6 ;
a"

...a "))
.

maximize likelihood.

M
,

6
↓

-

more
data points has high values

↓

· Log-likelihood -> easier to work with.

(I , 6) = In 1 (1
,
6)

.

=
In

,

P(4) - In (a . b) = k(a) + (n(b)

=In(P (n)

Derivate and set to 0.

Solution :

Efor Gaussian Distribution :

-

Mole =I C'"Gale=-Male 12

fitting data :

compute Male
, Gale.

Paranetic vs . non-parametric estimation
-



· Non-parametic approaches can fie arbitary density ,

but require lots of data

- espically in high dimensions.

· Parametic approaches require less data
,
provided that they are correctly specified.

- trul

-n
- parametric estimation.

M- --- non-parametic estimation

...
>

mis-specified parameter distribution.

~yes with multiple features

with 1 feature
, pick y maximizing

P(* (Y = y)((y = y)

MultivariateGaussian density Estimation

X ~ N(in,
64

↑ (h) =
I

- z(n -13/6"
ge

"

① d indep .

v
.
r

.

X
,

... Xd from Gaussian
,

different mean
but same variance.

joint density

p(X, .
. - xd) = p(X,]P(X2) ... p(Xd)

= (HER-M
>

% .

- - ( ... )
.-

Cangn exp
(a .

- M ,l+ 12 -mc) +.. - + (44 -Md) (I

( 262

=

(2
+bry4 exp)

- 117) - m11( X .........
262 - ↑3 -- F-

controls the with
-

spherical Gaussians

2-dimensional example



S

↓
I

② X
,

... Xd indep Gaussian
I

I
differen menu and variances

I ⑳
p(X, . .

., Xh) = - - -

I

I
I

I

(247426.....642Xp(- I [( --f Ind 1
· Contour are Chyperspheres

every slice through middle gives
I

Define : I

same gaussian

- -------

(So
ur
( Axis - Aligned Gaussians

· contours are axis alinged
↑ (i) =

12 +/E exp)-E-in) -Fi)) (hyper) ellipses

·
C is the covariance matrix
-

where ICI is the determinant of C.
· Diagonal

↓

product of diagonal of C.
· Entries are variances

.

③ X ,
... Xd not indep

Lovariance : Si
Cov(Xi

,

X; ) = ET(X : - Mi)(X; - Mill
-----

Note
: Var(Xi) = Cor (Xi

,
Xi)

· z
Covariance measure how much two quantities vary yether.

-

I
-> +

S

·
O

-
.

⑧
S -j

⑧ j
- -
↓

- o - ---

~

..

-

70
8

-+ - ⑨

Cov(Xi
,
Xj) = El(X ;

- Mi) (X; -Mj)]

~

Lovariance Matrix : ,
/

C = (
-- -

--
Var(Xd)
I



& Symmetry ,
Cor(Xi

, Xi) = Cov(Xi
,
Xi)

plus = cur's d , c
expl-I(* - ii) "c"(* - ii) rotated axis-signed

Y Gaussian

C-> covariance matrix

&

y
negative T

-
,

S: (
E↳g

slope negative
which matrix are valid covariance matrices :

↓

· if < is the rotation of some diagonal covariance negative covariance

matrix Co
.

That is C = KCo.

· Lis symmetric , positive semi-definite, CT 70.

↓

eign values 70.

3 Cases

① C diagonal , with all same entries

② C diagonal
,
different entries

③C not diagonal

-LEfor multivariate Gaussian

in : controls Gaussian's locative

C : controls Gaussian's shape

Femie =ti

For C
,

make assumption.

more Spherical
parameter

estimate I
· Axis-aligned

V
. General



more-likely
to overfitting ① Spherical :

variance of the data

Gl =t* - Time 11
"

I
O⑰② Axis-aligned

↓ -- ----· ~
↓
-

O S

6. = sample variance of heights

62" = sample variance of weight

③ General Gaussians
.

MLE for covariance i and j:

Cij = (t) - Mi,

How : make matrix

"45 si- i"(,2)
- X *

x /

I

&I S=) =

! =) c = +XX
.( wi wir1- I

#iscriminat Analysis

Bayes classifier

1 . fit Gaussian for p( * 1Y = y)

2. for new point
,
predict y maximizing PC =* /Y = JI(Y = 1)

Decisive Boundary :

surface between different classification

⑳ ⑭⑭
choose class 1 if Es . Lino



I,
- Ma

covariance matrix identical
,
diagonal

↓

⑨ G axis-aligned Gaussians

predict class 1 if . 2 3
, 0.

n, C
, + 124

C =

n , + 12

=> comput covariance for each class
,

&
perform weighted average

O·...⑧ · Lovaiance matrix equal , decision boundary linear

⑧⑳ · Linear Discriminant Analysis ((1A)
.⑳ &

Decision boundary

I

O covariance matrix G
,

Cr different
, non-hiagonal.OI ⑧

I

O
n

Decision boundary is quadratic

⑧ ---- Decision boundary ↓

Quadratic Discriminant Analysis .

(Q1)A)

auditionalIndependence :

A and B independent if

1 (A . 13) = 1 (A) (1 (B)
check if 1 (((B) =1(A)

I
L

# (B1A) =1P(B)

1) (A/13) = 1 (A)
.

↑ and 13 are independent if learning B does not influence your belief
-

that A happens.
Real worlddata

are always not independent
-

↓

but some are very close !



A
,

B conditionally independent given C if

↓ (A
,
B(z) =1 (Alc) . ((BIC)

#

↓P (Al B
,

c) = /(Ald)

↑

learning I will not inflence A given c.

learningB happens in addition to C does not inflence your belief that

A happens given d.

en) Survival and class not indep

# (Survived = 1) = 0
. 408

#) (Survived / Pclass = 1) = 0
.

63.

they're close to conditionally independent given ticket price :

1 (survived =1 mess
= 1

,
Fare > 50) = 000 leaving Pclass = I will not

#Survived = 1 > 50) = 0696
inflence since fare already telling
"class

X
.... Xd mutually conditionally independent given ; if

# (x ,
. . . xd(Y) = 1(X , (i) · 1P(Xa(Y) - - ((Xa(Y)

Curse of dimensionalize

↓

p( * (Y = y) = P(x
,..., Xd)Y = y)

However
,
if features are mutually conditionally independent given Y

↓ ↓
O

= G(X ,
(y = y)De(xe(y = x - pasxa(x -

y O

~

-

j

&

:

Ya

U

~

.

% . G

~-



Fur Bayes classifier, ↓
project points in

estimate
I- dimension for each feature

p(x .... X4)Y = Yi)

= P,
(X , /Y = Yi) --- Ph(Xh)Y = :) if X

. . .. Xd mutually conditionly independent given

↓

reduced the number of bins needed to cover

the input space for histogram estimate

Naive Bayes Algorithm .

-

① Assume X .... Xd mutually independent given the class label .

② Estimate one-dimensional densities p.
(a, / = % : ) ... palXhY= i)

& pick Y: maximizes

P, (2 , /Y = Y : ) . .
. Pd(Xd(Y = Y :) ( )Y = Y : ) ·

Gaussian Naive Bayes

p(X , 1) ... PIXalY) a produce of 1-d Gaussian with different menu and variance

= )· I
d-dimensioal gaussian

6.

...
r

with diagonal covariance matrix
&

each class has own diagonal covariance matrix

I
W

E) QDA with diagonal covariance.

Naive Bayes work well inMigh-dimensions

practical issues

#(X , (i) ...H(Xh/Y) multiplying lots of small probability

potential for underflow



Trick
: log (1 (X ,

= x
, /Y = Y: ) ... ((X = xal = Y: ) ((Y =Y:)

= I 10g H (X = x; /Y= 3: ) + 10g ( (y = 3:)

↑
summation

not multiplication
.

Pression in the sense ofProbability

ERM -> lease square

(minimize errors

d
/

"curve fitting approach.

From probabilistic view :
-

There is uncertainty in thehata generation process .

-

modeling uncertainty

random error

Salary = Wo + W
,

x (Experience) + E
.

-

-

Salary "insur
Gaussion ?

unexplaine - ↳

Variance I

~

random

- -

~

~

a
histribution.↓

·.error -
· symmetric

" ↓
· centered at zero.

experience.

Salarm = No + W
, x (Experience) +

16
#) Salary ~ N(Wo + w

, x (Experience)
,
62

In general, Yu N(Aug(i) · i
,
62)

.

for any feature rector is
,

targetY is draw from Gaussion

centered at Aug(ii) . in



Given some data
,

=
parameters

-
>

estimate by maximizing likelihood.

-

S

I
H

,

Helihood :

S

p(y ; M
, 6) gaussian pay :

I

i- P(y; M, 6)
I O

L

&

(i, y))

-

p(y ; M
, 6) = 62(

- 11/262)

Hg
!

I

&
/

I&
Y↓ observebata see &(i , %ilf.

p (Yi; 20th
, XY

,
6)

measure likelihood
.

likelihord

with respect to " ,
y)

/

I
·

((
,
6) :

PCY:; Any(i) . i
,
6). p 10 ; M,

6)=
&

I ↓ at training point
ji/

(( ,
6): · p(y;;

i
, 6) =re

is
n

2

&(, 6) = In
is

=Ini
-

(

-In (e) + In(iiy
↓

=
In) - ECY : - ."17/62

= ---

=
-I (Aug(") . i - 3:) + E InToc - * In (2)

argmax[-Aug(" ).- y:) + Ent - In(+1)
-

↓
Constant

=

arymax [
= zAg(). - ji)2]
-

-1
- constant

= argnax(A)

= argin [Aug()
.-)



↑T
~

minimizing menu squared error.

* = (X +X)
-

x
+ y

Lobabilisticview of regularization

recall ridge regression

* = arguin H()-

Solution :
=*

= (XTX + nx]) X
+ Y

helps control orefitting.

InMayesianperspective.

↑

assign belief and updating belief

Prior on weights.

we believe it is more likely to be small (close to zero) that large.

prior belef capture by assuming
-

vie N(0, 52)

in truth
,

wi not random

By baye's rule :

Pi( = / *, y) < Py(4/,) Pi( :)

.

↑ Thelihood
↓
prior belief

maximize
update

argmax [PE( *, y

=

arymax
[py(/)P(

=

arymaxIn [Py(y/
,)P(]

= argmax [In Py(y/,*) + In P= (ii) ]
i

= arguin [-In Py(9/, Y)
- In Pi (i))]



=

arymin [MSE(E)
- Inp()

↓
= c + 2521/i/1"

A

decision Tree

· A rooked tree

·

Internal mode ask yes no question.

Leaf node are decisions (class labels).

Path from root is a sequence of "and"s :

· To make prediction -> Traverse tree·

node3

1 M " ----
nod 4

start with single mode containing all data points
--

&

01ao
O " · nod: 6
-

-e O
&

repeat greedy procedure
-
--- ->- node a

① ·

I note's
· look at all possible questions (splits

I
· & O

· pick the one that most reduce uncertainty
-

I

I ↓
node, intative :

a good question splits the

#MeasuringUncertainty : data by class.

Suppose our node contains proportions

1 ⑧ -------

p from aless +

uncertaintyM(l-p) from class- ↓

-

---
--

I entropy

i I
0

.

S Ein ;

· Misclassification rate : min Ep
,

1-p. ·! I

P
min

· Fini index : 2 p(1-p)

· Entropy : ployi + C-p) log P

minimizes uncertainty.

↓

minimize proportion in one class

p or (l-p).



Let MCS) be the uncertainty score for a see of labeled points, 3.

Uncertainty M(s)

↓ *
M(S2) M(Sk)

.

P( M(Sc) + 1RM/Sk)

en) 213
,

15]

u, < 0
.

25

↓ I
[4,

07 29
, 13]

initial Find : 2xX

↑<M(32) + PRMISR) = . 0 +2

213
,

13]

x
,
20

.
-good uncertainty.

28
,

01 25
,

13]

question. ↓ minimize

↓ ↓

PLM(S2) + PRMISR) = = . 0+2.

Recursively ask questions the t minimizes
-

certainty -

Overfitting
-

:& I
-

-

·
I · / e

-

I
· 1.
.....
O

& -
-
t

--

& o a O

Y
O

separate perfectly for all training points



210 ,
201

Regularization

*
· Pruning : simplify already-constructed tree-
-

· replace node by most common
· maly-stopping : stop early.

class

I · if change reduces validation error.

stop recursion when : keep it
,

otherwise
,

reserve it.

· node is "pure enough" (uncertainty is low).

· tree is toodeep.

· Decision tree properties :

canaccommodate any type of data

can accommodate any number of classes.

can perfectly fit any data see.

very expressive.

·Weak learner -

one which performs only a little better than chance

· Decision stump
- is a

weak learner.
-

48 >

&-
+

· Full decision tree is a strong learner

d
%

S

!

↳

Boosting

· Train a weak classifier
,

H,:
x -> 2-1

,
11.

Increase weight of misclassified points
,

train another classifier He.
-



· Repeat , creating more classifier
,
updating weights.

· Final classifier : a linear combination of H.... Hi.

2x)
I

increase weight.

I
· I

&

O ↳
S ⑧

d

I
&

&

"
&

H
, classifier &

,

I
W

I I

1
.

I
& I

⑧

& 6

& & I

I ⑧ & I

I
X I ->

-

-

I

- Hz& & -

/ -
-

I S
&

O
⑨

O I
· I I I

& a as
1
I Ha

increase weight
do

Final classifier : Sign (c . H , (n) + dcHz(n) + @gHs(2)·

AhaBoost
normalized.

· Measuring Performance : ↓
· suppose weights at seep +are in ilt)

S

· use weights to learn a classifier :

He : X -> [+, 1)
.

· The " margin" :

re = :He)E-
-

- ↓

I [-1
,

11

more weight

on good prediction -> good margin .

-) the larger re
,

the better He

less weight

on bad prediction
isdoing on "important" points.



·

performance of He:

de =E
e

T
12

·
non- lineerS &

I ~
more de

.

on larger re.

hopefull our classifier is better thence chance.

updating weights :

weight missified point more heavily.

↓! Y : He ( *") < 0
·

↓
o

--w+
G wi

(t)
·expla+ Y: H= (**))

.

↑
-

70
b/ normalize w

misclassified -> Y: He(i") <o

↓

↓ - dt Y: He (ii) > o

↓
· Final classifier :

more weight

He (i)= He(

· Algorithm :

& iven data (ie"
,
y), ...
L2 Bel

,
labels in E-1

,
15

.

· initialize weight rector
i" = (F

,

t ... )

repeat :

·

given data and weights ill) to weak learner.

receive a classifier, He : X-> Et
,

11 back

· de = In
1 -

rt

·

(t +
< ,

2)
· expl -d + Y: He (ii)

.

· He(i) :-
detell



To learn decision stump .

·

try all features
,

threshold .

choose that which maximizes the margin :

↓
rt = wic) : He()EC+

,
1?

.

E) maximizes performance

de =En

Theore : Suppose 01 each round t
,

the weak learner returns a
rule It,

whose error on step + weighted data is < * - X.

After Trounds
, training error is at most

- XhT/2.
e

Boosted decision tree
~

resistant to overfitting :

~↳ trueeor

training error.

Why weak leaner - > fast to learn.

ForestMandson

( Boosted decision tree :

->
slow

,

train decision with all data/ feature.

~
Prevent decision tree from overfitting by "himingdata" rambouly.
Train a bunch of trees

, quickly

Average them to make final prediction.

For + = 1 to T

choosens training point randomly
,

with replacement

Fit decision tree He



At each mode
,

restrict to one of 1 features, chosen randomly.

Final classifier : majority vote of H .
... He

common setting :
n = n /bootstrap

k = m


